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I 
] 

All questions may be attempted but only marks obtained on the best four solutions will 
count. 

The use of an electronic calculator is not  permitted in this examination. 

. Let H be a subset of a group G. Give necessary and sufficient condi t ions  for H to be 
a subgroup of G. In each of the following cases, determine if H is a subgroup of G or 
not, justifying your answer: 

(i) G = R (under addit ion),  H = {x E G : x > 0}; 

(ii) G = GL2(•), H = {A E G: A -1 = AT}; 

(iii) G : S(R), H -  { f  E G :  f (1)  = 1}; 

(iv) G is any abelian group, g = {g E G :  g2 = e}; 

(v) G--ST, H = { g e G : 9  2--e}. 

[GL2 (R ) denotes the group of real 2 x 2 invertible matrices under matr ix  multiplication: 
S(R) is the group of bijections f rom ]~ to ~ under composition; $7 is the group of 
permutations of 1,~,3,~,5,6, 7] 

. (a) State, wi thout  proof, Lagrange's  Theorem. Prove t h a t  in  a 6n i te  group G the  
order of any element divides the  order of the group. 

(b) Deduce tha t  a -p -1  = T in Z;  for all ~ E Z ;  (where p is a p r ime  and  Z ;  denotes 
the group of non-zero integers rood p under  mult ipl icat ion) .  

(c) Find (i) ~1803, (ii) ~358 ill Z~9. 

(d) Show tha t  every element in Z~9 has a 5th root. 

. (a) Let A be an n x n matrix. Give the  de6ni t ion of det(A).  S ta te ,  wi thout  proof, 
the effect on the determinant  of each type of e lementary  row operat ion.  Give a 
formula for the determinant  of an  upper  t r iangular  ma t r ix  and  prove it. 

(b) Evaluate det I 
--1 2 1 1 1 1 0 1 -I  1 --1 
--I 3 0 2 1 . 
0 0 3 --1 3 
0 0 0 1 1 

(c) Find det 

be!) 
c d 
d a 
a b 

, expressing your answer as a p roduc t  of l inear a n d / o r  

quadratic factors. 
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. (a) Let  A be an  n x n ma t r ix  over R. Give the  definition of." 

(i) an  eigenvalue ~ of A; 

(ii) an  eigenvector v of A; 

(iii) t he  characteristic polynomial CA(t) of A; 

(iv) A is diagonalizable (over R). 

(b) Prove  t h a t  if A has  n dist inct  eigenvalues, then A is diagonaUsable. 

(c) Let  D be  a n  n x n diagonal  mat r ix  w i t h  distinct entries on the diagonal, and X 
an  n x n m a t r i x  such t ha t  X D  = D X .  Prove t h a t  X is diagonal. 

Let  A a n d  B be two n x n matrices,  each of which has n distinct eigenvalues 
a n d  such t h a t  A B  = B A .  Prove t h a t  t h e y  are s imultaneously diagonali.qable, i.e. 
the re  exis ts  an  invert ible P such t h a t  p - l A p  and P - 1 B P  are both  diagonal. 

9 

f 

14°) 5. Let A = 3 - " 

(i) F i n d  an  invert ible  m a t r i x  P such t h a t  P - l A P  is diagonal. 

(ii) F i n d  A s (for posi t ive integers n). 

(iii) Solve the  sys t em of equat ions 

d=~ _ 7Xl -- 10X2 
d t  - -  

dx2  - -  3 X l  - -  4 X 2  d t  

given t h a t  Xl ( 0 ) -  0, x2(0)---- 1. (1) 
(iv) Suppose  a sequence of vectors vi  is given by Vo = 2 

the  l imit ,  as n ~ c~, of vs .  

, v s + l  ---- A - l v s .  Find 

. (a) Let  A be  a real  symmet r i c  mat r ix  and  let  u, v be eigenvectors associated to the 
(real) eigenvalues )~ and  # respectively, where )~ # /,. Prove tha t  u and v are 
o r thogona l  vectors. 

(b) Let  A = 4 4 . F ind  an  or thogonal  mat r ix  P such tha t  p - l A p  is 
4 4 

diagonal .  

(c) Prove  t h a t  if  A is a real  mat r ix  which is orthogonally diagonali,~able then A is 
symmet r i c .  
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